We show that the violation of the null energy condition by matter, required by traversable wormholes, can be removed in spacetimes with torsion. In addition, we show that this violation can also be removed in the conformal frame obtained by a Weyl transformation. This comes about because both conformally transformed wormholes and wormholes in spacetimes with torsion become sustained thanks to a combination of "normal" matter, that satisfies the null energy condition, and an induced "geometric" energy-momentum tensor that is able to greatly violate the null energy condition.
I. INTRODUCTION
Wormholes arose as extremely important theoretical possibilities within general relativity [1] . However, the discovery that, to be sustained, wormholes require the violation of the null energy condition (NEC), and hence the presence of the so-called "exotic" matter [2] [3] [4] [5] , pushed these objects further into the realm of pure theoretical curiosities. Just like for the possibility of curing the Big Bang singularity [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , however, one might hope that by adding torsion to spacetime, i.e., by using RiemannCartan spacetimes, the need for exotic matter to make traversable wormholes might also be removed.
In fact, various authors have investigated the issue and came to the following different but complementary conclusions: (i ) torsion might provide the required degree of "exoticity" [20] (ii ) a non-minimal coupling between torsion and matter might relieve the latter from violating the NEC [21] (iii ) for specific values of the matter spin traversable wormholes might definitely be produced without having matter violate the NEC [22] . These possibilities can actually be understood from general backgrounds as follows.
Recall that a given form of matter is said to satisfy the NEC if its energy-momentum tensor T 1 , the NEC is also equivalent to the following statement in terms of the Ricci tensor: R ab ξ a ξ b ≥ 0. It is specifically the violation of this latter inequality that is required by traversable wormholes and that consequently leads to the violation of the NEC by matter.
In the presence of torsion, however, additional degrees of freedom are added to spacetime and the field equations governing the latter are different from Einstein equations as they contain on the right-hand side extra terms arising from torsion. In fact, the field equations, called Einstein-Cartan-Sciama-Kibble field equations, may be given a form similar to those of general relativity: R ab − 1 2 g ab R = T M ab + (torsion terms) ab . (See e.g., Ref. [23] for a textbook introduction or the very comprehensive review in Ref. [24] ). It is then clear that the requirement R ab ξ a ξ b < 0, imposed by traversable wormholes, would lead instead to an inequality of the form [T M ab + (torsion terms) ab ]ξ a ξ b < 0. The presence of (torsion terms) ab besides the energy-momentum tensor T M ab inside the square brackets means that matter does not necessarily have to violate the NEC for the full inequality to hold. Now, a very similar reasoning actually applies when investigating the fate of the NEC around the throat of a traversable wormhole built from a given traversable one by subjecting the host spacetime to a Weyl transformation. In fact, under a Weyl transformation Einstein equations also acquire an extra term and take the form, G ab =R ab − 1 2g abR = T M ab + T Induced ab [25] . The induced energy-momentum tensor comes from the deformation of the spacetime metric caused by the Weyl transformation. Thus, a traversable wormhole, requiringR abξ aξb < 0 in the conformal frame, would require an inequality of the form (T M ab + T Induced ab )ξ aξb < 0. Thanks to this extra term, we see indeed that matter does not also necessarily have to violate the NEC for the full inequality to hold.
In Ref. [5] it has been proven on general grounds how traversable wormholes do require the violation of the NEC. In addition, it was shown in that reference that torsion does not remove the violation of the NEC but aggravates it instead. Our aim in this paper is to revisit such a derivation for the case of spacetimes with torsion, and then under a Weyl transformation, to show that the above hand-waving arguments, that clash with the conclusions of Ref. [5] but seem to agree with those of Refs. [20] [21] [22] , could actually be implemented more rigorously. In so doing, we are going to pinpoint a key fact in Riemann-Cartan spacetimes that has been missed in Ref. [5] and that led the authors to such an incomplete conclusion about the NEC for wormholes in RiemannCartan spacetimes. Nevertheless, the rigorous study provided here shows that the conclusions are more subtle than what the above hand-waving arguments seem to suggest and thus cannot be as simple as those obtained in Ref. [22] either.
The paper is organized as follows. In Sec. II, we expose the various tools and equations necessary for the description of a spacetime wormhole and the derivation of the NEC requirement. We also include briefly in the second part of that section the derivation given in Ref. [5] for the violation of the NEC in spacetimes with torsion and point out the subtle issue in such a derivation. In the third part of that section we derive the correct Raychaudhuri equation for null vectors in Riemann-Cartan spacetimes and use it to rigorously examine the fate of the NEC in such spacetimes. In Sec. III, we investigate the fate of the violation of the NEC by traversable wormholes in the conformal frame, both in Riemann and in Riemann-Cartan spacetimes. We end this paper with a brief conclusion section to summarize and discuss our findings.
II. IN THE ORIGINAL FRAME

A. Without torsion
We devote this first subsection to the main definitions used in torsion-free spacetimes for the description of traversable wormholes and the proof that traversable wormholes require the violation of the null energy condition as given in more detail in Ref. [5] .
A wormhole is characterized by its throat which, in turn, is best described through the behavior of light rays on that throat and in its vicinity as those rays propagate in the background spacetime hosting the wormhole. In fact, to make the throat of a traversable wormhole the spacetime should focus ingoing light rays toward the minimal surface, representing the throat, from both sides of the latter and defocus them away from the minimal surface from both sides as well.
Mathematically, this is expressed [5] using the expansion parameter θ ± of the geodesic congruence of the ingoing and outgoing light rays. Given the symmetry of the description, however, we are going to consider only either one, and therefore choose to use the "neutral" expansion θ which would stand for both. In a spacetime with metric g ab , one can always define a transverse metric h ab with respect to a given null direction ξ a defined as the tangent to a congruence of null geodesics. Such a transverse metric is given by 2 ,
where, N a is the auxiliary null vector of which the normalization is chosen such that ξ a N a = −1. It is easy to check that h ab h ab = 2 and ξ a h ab = 0 = N a h ab . By taking the trace of the projection B ab ≡ h c a h d b B cd of the "deviation" tensor B ab ≡ ∇ b ξ a on the transverse space given by this transverse metric, one obtains the expansion parameter,
By extracting the anti-symmetric part and then the symmetric-traceless part of the same projection of B ab on the transverse metric, one obtains, respectively, the twist tensor ω ab and the shear tensor σ ab as follows,
The evolution of the expansion θ in terms of an affine parameter λ along the null direction ξ a of the congruence is governed by Raychaudhuri's equation, which reads [26, 27] ,
Then, using Einstein equations
, and taking into account that ξ a is a null vector, one can express Raychaudhuri's equation in terms of the energymomentum tensor of matter T M ab responsible for creating such a wormhole as follows,
The fact that the throat of a traversable wormhole is, by definition, supported by a minimal surface in the spacetime is expressed mathematically by the two conditions θ = 0 and dθ/dλ > 0, both to be satisfied on the throat [5] . On the other hand, given that a null vector is automatically hypersurface orthogonal, we conclude that the twist tensor ω ab vanishes. This is known as Frobenius' theorem (see e.g., Ref. [27] for a detailed derivation). In addition, the product σ ab σ ab is everywhere positive given the spacelike nature of the shear tensor as it follows from Eq. (4). Taking into account these three facts in Eq. (7), the latter implies that,
This is what proves the necessity of the violation of the NEC for making a traversable wormhole [5] .
B. With torsion
In this subsection we expose the steps followed in Ref. [5] to argue for the aggravation of the violation of the NEC by wormholes in spacetimes with torsion. RiemannCartan spacetimes are characterized by a non-symmetric connection C c ab , the symmetric part of which is different even from the Christoffel connection Γ c ab , in contrast to what is stated in Ref. [5] . This connection provides one with the covariant derivative and the torsion (notice that we are using here the convention of Ref. [28] for torsion),
The antisymmetric part T c ab of the connection is a tensor, antisymmetric in its last two indices, and is called the torsion tensor. Note also, that throughout the paper the metricity condition ∇ a g bc = 0 will be assumed.
Raychaudhuri's equation in the presence of torsion, as given in Ref. [5] , was, unfortunately, based again on the same deviation tensor B ab = ∇ b ξ a of torsion-free spacetimes. The equation thus found in Ref. [5] has the form,
Here,
• R ab is the Riemannian (torsion-free) Ricci tensor. At this point, the authors introduced a simplifying assumption to get to the main conclusion faster. The simplifying assumption was to choose T c ab to be a totally antisymmetric tensor. This consists, for example, in identifying it with the Kalb-Ramond field of string theory built from the potential two-form A ab , i.e., H = dA. Because of such a total antisymmetry of the tensor, the authors substituted B ca in Eq. (12) by the twist tensor ω ca . The authors then argued that, because ξ a is a null vector, i.e., a hypersurface orthogonal vector, one has ω ab = 0 thanks to Frobenius's theorem [27] . This allowed them to remove both terms containing ω ab from Eq. (12) . Finally, the authors used EinsteinCartan-Sciama-Kibble metric field equations in the form
where the lefthand side is the torsion-free Einstein tensor, thanks to which they turned Eq. (12) into [5] ,
The total antisymmetry of torsion allows one to express it in the form, T cab = ǫ cabd v d , with ǫ abcd being the totally antisymmetric Levi-Civita tensor and v d being an arbitrary vector [5] . With this form, the last term in Eq. (13) 
Thus, given that the left-hand side of Eq. (13) is positive, one finds
, from which it was concluded in Ref. [5] that torsion enhances the degree of violation of the NEC. Moreover, the authors have argued that this should hold even without the assumption of total antisymmetry for torsion.
In the next subsection, we shall see that the issue with this derivation is threefold. The first, resides in using the same deviation tensor B ab as in torsion-free spacetimes. The second, is ignoring the fact that torsion allows hypersurface orthogonal vectors to acquire a non-zero twist ω ab [28] . The third issue is the form of the above EinsteinCartan-Sciama-Kibble field equations used in the derivation. By dealing with these issues, the conclusion one arrives at becomes completely reversed with respect to that given in Ref. [5] in the sense that the violation of the NEC by matter might become completely removed.
C. Revisiting the original frame with torsion
Our first aim in this subsection is to show that in Riemann-Cartan spacetimes the twist tensor does not indeed vanish even for hypersurface orthogonal vectors. Let us therefore reexamine Frobenius' theorem that proves the vanishing of ω ab in torsion-free spacetimes by adapting the steps followed in its derivation [27] to the case of spacetimes with torsion.
In the derivation of Frobenius' theorem, one starts by showing that the product ξ [a ∇ b ξ c] vanishes identically for hypersurface orthogonal vectors ξ a . In the presence of torsion, however, it is easy to see that such a product does not vanish. The proof of this claim is already nicely presented in the Appendix B of Ref. [28] . The result, after putting back a missing factor of 1 6 in the expression given in Ref. [28] , is,
Unlike Ref. [28] , in which this result has been used to indirectly infer that in general ω ab = 0, we are going here to arrive at the same conclusion by finding instead an explicit expression for ω ab in terms of torsion. This explicit expression will indeed serve us later in this section when dealing with Raychaudhuri's equation in relation to wormholes. Start by taking into account that in Riemann-Cartan spacetimes the deviation tensor B ab is not simply equal to ∇ b ξ a , but is given instead by [28] ,
From this, we can easily deduce, after using the fact that ξ a is everywhere a null vector, and hence ξ a ∇ a ξ b = 0 for an affine parametrization, and ξ a ∇ b ξ a = 0, that,
On the other hand, the definitions (1) and (15), together with identities (16) , provide us at once with the relation between the purely spatial tensor B ab and the full tensor B ab , from which we also deduce the relation between ω ab and B ab , as well as the product B ab B ba :
Next, besides expression (14), we can also find, thanks to the definition (15) and after recalling that T c ab = −T c ba , an alternative expression for ξ [a ∇ b ξ c] in terms of both B ab and T c ab that reads,
By contracting both sides of identities (14) and (20) by N a and then comparing with Eq. (18) we easily obtain the sought-after expression for ω ab purely in terms of torsion as follows,
It is much clearer now from this expression that the twist tensor does not indeed vanish in general unless all the terms in expression (21) do. More specifically, we easily check that the twist tensor simplifies but does not vanish for the special case of a totally antisymmetric torsion either, a case which will be of interest to us below. In fact, for such a special case, the twist tensor (21) reduces to,
Let us now find Raychaudhuri's equation for the geodesics congruence of the null vectors ξ a . Since our goal here is to use such an equation to clearly see the effect of torsion on wormholes, the form of the equation as given recently in Ref. [29] cannot be of much use to us. Indeed, we would like to have such an equation written in terms of the torsion tensor and its derivatives, but without the deviation tensor B ab . Let us use the usual convention and define the trace of torsion by
, and that in spacetimes with torsion we [23] . Then, with the use of Eqs. (2), (5), (15) and (17), we find a first form of Raychaudhuri's equation as follows,
Our next goal now is to trade the quadratic term B ab B ba in this form of Raychaudhuri's equation for the product B ab B ba that will allow us, thanks to Eq. (5), to recast the equation purely in terms of the expansion, the shear, the twist, the Ricci tensor and torsion. For that purpose, we notice first that
Therefore, using the definition (15), we deduce that,
This identity will allows us to get rid of any appearance of B ab -such as T cab B bc -in the final Raychaudhuri equation. Indeed, using identity (24) together with Eqs. (17), (19) and the last equality in Eq. (23), we get finally Raychaudhuri's equation in the sought-after pure form as follows,
We now come to the final step that would reveal the effect the nature of matter has on the wormhole by making the energy-momentum tensor appear on the right-hand side of Eq. (25) . For that purpose, we need EinsteinCartan-Sciama-Kibble metric field equations, which read as follows [23, 24] ,
Contracting both sides of these equations by ξ a ξ b , we immediately extract the term R ab ξ a ξ b in terms of the matter energy-momentum tensor and torsion. Substituting the result inside Raychaudhuri's equation (25), we find,
Contemplating this expression we immediately notice that the last line contains derivatives of torsion. The sign contribution of such derivatives to the whole equation cannot be determined without knowing the spin matter distribution around the throat. As such, no general conclusion about the fate of the NEC of matter could be reached either, in contrast to the conclusions made in Refs. [5, 22] . As a consequence, a case-by-case study should be conducted instead. For this reason, we shall pursue our study by distinguishing four types of spin matter fields that have been well studied in the literature in relation to torsion.
With scalar, Maxwell and Yang-Mills fields
A scalar field has spin zero and, thanks to the second set of Einstein-Cartan-Sciama-Kibble field equations that relate the spin-density tensor to torsion [23, 24] , the latter also vanishes. In this case, we conclude that scalar fields have to violate the NEC to make a traversable wormhole in agreement with Ref. [22] .
In the case of the Maxwell field, like the gauge YangMills fields, it is known that a minimal coupling of these with torsion violates gauge invariance [24] . Therefore, because of gauge invariance, Maxwell and Yang-Mills fields are not allowed to minimally couple to torsion and the latter does not consequently arise in the presence of such fields. Thus, these fields also have to violate the NEC to make a traversable wormhole. We keep away from the extra complications of non-minimal coupling with torsion in this paper as such coupling involves some degree of arbitrariness that cannot be of much relevance to our present goal.
With a fermion field
In the presence of a fermion field ψ of spin-1 2 minimally coupled to spacetime torsion, the latter is given by [24] ,
Here, the matrices γ a are the spacetime Dirac matrices related to the constant Dirac matrices γ i through the tetrad fields by γ a = e a i γ i [24] . It is clear from Eq. (28) that torsion for Dirac fermions is completely antisymmetric. Setting θ = 0 and taking a totally antisymmetric torsion, Eq. (27) simplifies greatly and reduces to,
Thus, to have a traversable wormhole in this case, the requirement is that the energy-momentum tensor of the fermions T M ab satisfies the following inequality,
Setting T abc = ǫ abcd v d , for an arbitrary vector v a , and substituting inside expression (22) of the twist tensor, we find, after using the identities ǫ abcd ǫ aef g = −6δ
[b
f [26] , that the right-hand side of inequality (30) takes the form,
Thus, the contraction T M ab ξ a ξ b has to be negative. This shows that making a traversable wormhole with a Dirac field requires the latter to violate the NEC even if one is working in Riemann-Cartan spacetime.
With a Proca field
A Proca field is a massive spin-1 vector field A a . Introducing the usual tetrad-based notation e ≡ √ −g, with g being the spacetime metric determinant, the Lagrangian of a Proca field of mass m [24] , as well as the field equations one extracts from a given Proca Lagrangian [30] , are, respectively,
By using the metricity condition, as well as the two identities, ∂ a e = eC b ab and C b ba = C b ab − T a , which one can deduce using g −1 ∂ a g = −g bc ∂ a g bc [26] as well as Eqs. (9) and (11), the previous field equations can be recast into the following more useful form to us,
On the other hand, the spin-density tensor of a Proca field as presented in Ref. [24] gives rise to the following torsion tensor and its trace,
Let us now compute individually each of the terms in Raychaudhuri's equation (27) in terms of the vector field A a and its derivatives using expressions (35) and (36) .
Substituting these inside Eq. (27) , and taking into account that θ = 0, many terms cancel among themselves and the equation simplifies to the following,
We see from this equation that even with the help of the simplified field equations (34) it is still impossible to find the overall sign of all those extra terms on the righthand side without solving the field equations (34) first. Indeed, only by solving those second order equations of motion for A a -by taking into account the boundary conditions of the system -will one be able to find the various gradients of the field A a in Eq. (38) . This is in complete contrast to what was concluded in Ref. [22] -without using Raychaudhuri's equation -about the general non-violation of the NEC by the Proca field to make a traversable wormhole.
Fortunately, however, the structure of those extra terms still allows one to extract some important conclusions with regard to some special cases even without solving the vector field's equations of motion. In fact, we notice that the majority of those terms contain the contraction ξ a A a . Therefore, choosing a polarization for the vector A a such that ξ a A a = 0 will cancel many of the terms in Eq. (38) . Such a constraint on the vector field A a would just mean that either the vector is parallel to the null direction ξ a or that the vector just has all its components lie in the transverse space.
Let us start with the case A a = f ξ a , for some scalar f . We immediately see, by recalling that ξ a ∇ a ξ b = 0 and that both σ ab and ω ab are transverse, that the majority of the extra terms in Eq. (38) vanish and the latter reduces to,
On the other hand, with
Using these identities, together with Eq. (21), we find that ω ab = 0. Therefore, we conclude that in the case of a null Proca vector field, the requirement for a traversable wormhole in the RiemannCartan spacetime is T M ab ξ a ξ b < 0, i.e., the NEC has to be violated by the field's energy-momentum tensor.
Let us now consider the case of a transverse field. This case implies that we have again the identity ξ a A a = 0. In addition, if we insist that the vector field remains permanently transverse we also have its derivatives constantly lie in the transverse space. This translates into, (v a ∇ a A b )ξ b = 0 for any arbitrary vector v a . Implementing these extra conditions inside Eq. (38) , many of the extra terms disappear again and we are left with the following equation,
We are going to show that the first term ω ab ω ab on the right-hand side of this equation does not vanish while the sum in the second line of the equation does. Let us start with the latter. For θ = 0, which is the case in Eq. (40), we have σ ab +ω ab = B ab . Then, using Eqs. (15) and (17), we have the following,
In the first line we have used the identity (v a ∇ a A b )ξ b = 0. Now, with a repeated use of this identity, we easily see that each term of the subsequent two lines in Eq. (41) vanishes. In addition, each term of the three last lines vanishes also because of the fact that A a lives in the transverse space. The only term for which it is not straightforward to see why it vanishes is the term ξ a A b ξ e T bec ∇ a A c . We can check that this term is zero by substituting expression (35) 
Without any additional constraint on the vector field A a , the right-hand side of this identity does not vanish in general. Given that ω ab is, in addition, purely spatial, we conclude that ω ab ω ab > 0. Thus, the requirement for having a traversable wormhole in this case reduces only to T M ab ξ a ξ b < ω ab ω ab and the energy-momentum tensor of a transverse Proca field does not have to violate the NEC.
With a Rarita-Schwinger field
A Rarita-Schwinger field ψ a is a spin-3 2 vector-spinor field -that we take to be massless for simplicity -the spin-density tensor of which creates a torsion tensor given by [6] 4 ,
This field is, in addition, constrained to satisfy the condition γ a ψ a = 0 [31] . This immediately yields a traceless torsion since T a = T b ab = 0. Thanks to this fact and setting θ = 0, Eq. (27) simplifies to,
As for the case of the Proca field, the subsistence of the torsion gradients in this equation makes it impossible to conclude anything about the sign contribution of these gradients without having their values. In fact, although the equation of motion for the field ψ a is first order and reads, γ a (D a ψ a − D b ψ a ) = 0 [31] , where D a is the covariant derivative operator that acts on spinors, these equations cannot be of any help without solving them first. This is due to the various contractions with the null vector, like ξ a T cab =
, the values of which depend on the specific form of the field ψ a . Nevertheless, the specific structure of these terms that hinders us from reaching any conclusion suggests the possibility of treating instead the special case of ξ a ψ a = 0. This, like for the Proca field, just means that the vector-spinor field is chosen either parallel or transverse to the null direction. As we shall see now, the conclusion one gets for this special case does not depend on which of these two possibilities one chooses.
By implementing this restriction inside Eq. (44), all the extra terms -apart from the first one -on the righthand side disappear and we are left with Eq. (39). All we have to do then is to find the value of the twist tensor. Plugging expression (43) inside Eq. (21) and taking into account the constraint γ a ψ a = 0, we find,
which is clearly non-vanishing without any further constraint on ψ a . As before, given the purely spatial nature of the twist tensor, we conclude that ω ab ω ab > 0. Hence the energy-momentum tensor of the spin- 
III. IN THE CONFORMAL FRAME A. Without torsion
To find Raychaudhuri's equation in the conformal frame one either finds first the conformal transformation of each of the quantities (shear, twist, null vector, and Rici tensor) inside that equation and then proceeds with the usual derivation of the equation based on these new quantities, or just notices that the equation is purely geometric in nature and therefore automatically remains invariant under the conformal transformation [32] . This means that all one has to do to write down the conformally transformed version is decorate every symbol inside the original equation (6) by tildes. The resulting equation is thus,
The next step is to notice that the null vectorξ a of the conformal frame remains hypersurface orthogonal, such that, based on Frobenius' theorem for torsion-free spacetimes, we also haveω ab = 0. In addition, the shear tensor σ ab remains spacelike, thereby makingσ abσ ab positive everywhere. On the other hand, recall that under a Weyl transformation Einstein equations transform as follows [25] ,
After contracting both sides of these equations byξ aξb we obtain the desired contraction −R ab ξ a ξ b in terms of the energy-momentum tensor T 
We clearly see now that the energy-momentum tensor of matterT M ab , as perceived from the conformal frame, does not necessarily have to violate the null energy condition, but is only required to satisfy the following inequality,
with the right-hand side not being necessarily negative 5 . Let us examine a simple example. Take the conformally transformed tidal force-free Morris-Thorne wormhole metric [2, 5] ,
(50) 5 Note that in Ref. [33] , where the nature of the four Brans solution classes of Brans-Dicke theory have been studied in detail, a field redefinition has been performed after applying the conformal transformation. That field redefinition was made to obtain a simple expression for the scalar field's energy-momentum tensor on the right-hand side of Einstein equations. For all four classes, the field redefinitions displayed there would make the NEC satisfied in the conformal frame despite the existence of Brans wormholes in the new frame. In addition, such field redefinitions induced a disagreement with the sign of the Einstein tensor, and hence of the Ricci scalar, discussed for class IV solution recently in Ref. [34] (F.H. is grateful to Valerio Faraoni for bringing this reference to his attention which led to the discussion in this footnote). These two disagreements are actually simply due to a missing factor of the pure imaginary i in the field redefinitions (2.26), (3.20) , (4.26) and (5.15) given in Ref. [33] . Putting this factor back, one easily recovers the violation of the NEC and the missing negative (−) sign in the Ricci scalars given for each of the corresponding solution classes there.
Here, b(r) is a function such that b(r 0 ) = r 0 at the location r 0 of the throat [2] . We chose here the conformal factor Ω(t) to depend only on time for simplicity. With this conformal metricg ab , we easily find a null vectorξ a as follows [5] ,
In addition, with the metric (50) we can also easily compute the Christoffel symbolsΓ 
An example of a conformal factor that makes the content of the parentheses positive is Ω(t) = t −1/3 (a wormhole embedded in a contracting universe.)
This shows that the right-hand side of inequality (49) does not indeed necessarily have to be negative. We conclude that matter does not necessarily have to violate the NEC in the conformal frame either. This confirms again our hand-waving argument presented in the Introduction.
B. With torsion
To investigate the effect of torsion in the conformal frame, we need to also specify the conformal transformation of torsion. It turns out, however, that because torsion is a separate degree of freedom of spacetime in addition to the metric, there is not one, but three possibilities proposed in the literature for how torsion might transform under a Weyl mapping (see Ref. [35] and references therein). The three possible ways are the following,
Here, α is some arbitrary parameter [35] 6 . On the other hand, the expression (21) of the twist tensor having been obtained from purely geometric definitions, and the derivations being based on purely geometric steps, we know that the conformally transformed Therefore, all that is required of matter in the conformal frame in order to have a traversable wormhole is to satisfy the following inequality,
This just shows again that the energy-momentum tensor of matter, as perceived from the conformal RiemannCartan spacetime, does not necessarily have to violate the NEC to sustain a traversable wormhole in such a spacetime.
IV. SUMMARY & DISCUSSION
The fate of the violation of the NEC required by traversable wormholes has been found to be affected both by adding torsion to spacetime and by performing a Weyl conformal transformation on the latter. We learned, though, that no general rule could be drawn for the effect of torsion on the NEC because a case-by-case study is needed to figure out the sign contribution of the torsion terms to Raychaudhuri's equation. Nevertheless, we found special cases of matter configurations for which a definite answer could be provided.
We found that for a Dirac field, for which spacetime torsion is a totally antisymmetric tensor, the NEC still has to be violated to make a traversable wormhole. The required degree of violation of the NEC for this case is found to be enhanced compared to what is required in the absence of torsion. It is worth noting that such a violation has actually emerged merely from the total antisymmetry of the spacetime torsion, and did not depend in any case on the specific value of the torsion generated by the Dirac field. In other words, when the tensorial piece of torsion is absent and only the vectorial piece is present, one is guaranteed to have the NEC violated by traversable wormholes. As such, our result rather suggests the following more general conclusion: In spacetimes with a totally antisymmetric torsion tensor, traversable wormholes are bound to greatly violate the NEC regardless of the specific nature of the matter that creates such torsion and such wormholes.
In contrast, we found that with Proca and RaritaSchwinger fields, subject to specific constraints, torsion, as with conformal transformations, helps remove completely the requirement to have exotic matter to sustain a traversable wormhole. The needed "exoticity", supposed to be carried by matter in Riemannian spacetimes, becomes available within the geometry of the spacetime itself in both cases. In the case of RiemannCartan spacetimes, torsion induces an effective energymomentum tensor that might mimic that of an exotic matter. In the case of a Riemannian spacetime built by conformally transforming another Riemannian spacetime the exotic matter is provided by the induced energymomentum tensor arising from the deformation brought to the metric.
In addition, we found that the conformal transformation has the same effect also in Riemann-Cartan spacetimes. However, in this case, as in the original frame, we showed that only for the special case of a totally antisymmetric torsion tensor can one clearly see how geometry is always able to provide the required level of exoticity. This is due to the torsion derivatives involved in Raychaudhuri's equation as well as the products of Christoffel symbols and torsion inside the Riemann tensor, making the conformal transformation of the latter much more involved than that in torsion-free spacetimes.
In this work we have dealt solely with Einstein-Cartan gravity. It is well known, however, that the latter theory of gravity, together with general relativity, are just dynamical degenerate cases of the more general Poincaré gauge theory of gravity (see, e.g., Ref. [37] ). It is therefore interesting to investigate whether the results we found here would still hold in such a more general theory of gravity with torsion. Such an investigation would not be trivial, though. In fact, as can be seen from the field equations (26), used to find Raychaudhuri's equation (27) , even within a theory linear in torsion, nonlinear terms in torsion pop up in the field equations. Notwithstanding this computational limitation, our present work is general enough to allow us to look at the special case of totally antisymmetric torsion even within such a general theory. Indeed, Raychaudhuri's equation, in its purely geometric form (25) , is independent of the underlying field equations of the background spacetime. This makes the equation then valid in any Poincaré gauge theory of gravity. For a totally antisymmetric torsion, however, Eq. (25) always reduces to Eq. (29) . The latter, in turn, always leads to Eqs. (30) and (31) for a totally antisymmetric torsion, regardless of the field equations of the theory. It is then clear that the NEC would always have to be violated for such a specific torsion even in the more general Poincaré gauge theory of gravity.
Another interesting side of this work is that it shows how much geometry can become involved in the interpretations we make of phenomena displaying the interaction between matter and spacetime. Indeed, a great similarity between the effects provided by torsion on the (non-)violation of the NEC by matter and those induced by a conformal transformation have been revealed. In this sense, if one is willing to consider torsion and its effect on physical phenomena as real, one is also bound to consider as real the effect a conformal transformation has on the way physical phenomena would be perceived in the conformal frame 7 . This conclusion does not, however, constitute a definitive solution to the issue of the physical (non-)equivalence of the two frames. A more specialized and rigorous study of this issue will be presented elsewhere (see, however, Ref. [40] ).
Nevertheless, this conclusion supports at least what has already been found concerning the non-trivial fate of wormholes and black holes in the conformal frame in Refs. [41, 42] . This concordance just speaks once more in favor of viewing Weyl conformal transformations as a non-trivial tool for learning about the deep connection between geometry and matter. As already shown in Refs. [43, 44] , although geometry itself could mimic energy, or equivalently mass, under a conformal transformation the true geometric nature of such a quantity always reveals itself as distinct from that of pure matter. In this work, an analogous, but reversed, scenario came out. What was an exotic feature only to be carried by matter to make a traversable wormhole has been transferred into pure geometry thanks to either (i ) additional geometric degrees of freedom already stored in RiemannCartan spacetimes or (ii ) a deformation brought -à la Weyl -to the spacetime.
